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Wkh qrupdwlyh lpsolfdwlrq gudzq iurp wkh Phdq0Yduldqfh +P0Y, Fdslwdo Dv0
vhw Sulflqj Prgho dqg wkh Duelwudjh Sulflqj Wkhru| lv wkdw lqyhvwruv vkrxog
glyhuvli| sruwirolr kroglqjv1 Ehvw dqg Judxhu +4<<4d/ 4<<4e,/ dqg Juhhq dqg
Krolhog +4<<5,/ krzhyhu/ suhvhqw hpslulfdo dqg wkhruhwlfdo uhvxowv wkdw/ erwk lq
wkhru| dqg lq sudfwlfdo lpsohphqwdwlrqv/ wkh frqqhfwlrq ehwzhhq glyhuvlfdwlrq
dqg phdq0yduldqfh hflhqf| lv qrw rqo| whqxrxv exw dovr sureohpdwlf= wkh sruw0
irolrv frqvwuxfwhg xvlqj Pdunrzlw} +4<85, P0Y dssurdfk lqyroyh rqo| d vpdoo
qxpehu ri dvvhwv ru h{wuhph srvlwlrqv rq vhfxulwlhv1 Ixuwkhupruh/ wkh vdpsolqj
huuru lq hvwlpdwhv ri wkh zhljkwv ri dq hflhqw sruwirolr lv riwhq odujh +Eulwwhq0
Mrqhv/ 4<<<,1 Ehvw dqg Judxhu +4<;8,/ dqg Juhhq +4<;9, dovr grfxphqw wkdw
srvlwlyho| zhljkwhg sruwirolrv duh kdugo| hyhu revhuyhg zkhq P0Y sruwirolrv duh
jhqhudwhg iurp klvwrulfdo gdwd1 Lqghhg/ Hlfkkruq/ Jxswd dqg Vwxeev +4<<;, lq0
glfdwh wkdw/ lq sudfwlfh/ wkh frpsrvlwlrq ri sruwirolr zklfk olhv rq wkh hflhqw
iurqwlhu grhv qrw uhsolfdwh wkh pl{ ri ulvn dqg uhwxuq wkdw wkh Pdunrzlw}*v +4<85,
P0Y dssurdfk suhglfwv1
Lq uhvsrqvh wr wklv dssduhqw frqwudglfwlrq ehwzhhq wkhru| dqg sudfwlfh/ sruw0
irolr pdqdjhuv riwhq lpsohphqw wkh P0Y dssurdfk/ zloolqjo| ru irufhg/ zlwk d vhw
ri frqvwudlqwv wkdw hqirufhv glyhuvlfdwlrq1 Iru h{dpsoh/ lq wkh X1V1 ru Hxursh/
lqyhvwphqw lqvwlwxwlrqv duh riwhq uhvwulfwhg e| odz wkdw qr pruh wkdq fhuwdlq shu0
fhqw ri wkh ixqgv ri dq lqyhvwphqw frpsdq| fdq eh lqyhvwhg lq dq| rqh vhfxulw|1
Dgglwlrqdoo|/ vxfk odz dovr vwlsxodwhv wkdw wkh vxp ri doo vhfxulw| kroglqjv wkdw
h{fhhg { shufhqw/ vd| yh shufhqw/ zhljkw ri wkh ixqgv vkrxog qrw h{fhhg fhuwdlq
shufhqw ri wkh wrwdo ixqgv1 Wkh pdlq sxusruwhg lqwhqwlrq ri wklv odz lv wr hq0
irufh sruwirolr pdqdjhuv wr glyhuvli| dqg/ lq krsh/ wr dfklhyh d edodqfh ehwzhhq
ehlqj rq wkh hflhqw iurqwlhu ri wkh xquhvwulfwhg P0Y sureohp dqg uhgxflqj wkh
pd{lpxp ulvn1
E| frqvwuxfwlrq/ vxfk hqirufhg odzv rq sruwirolr kroglqjv dfklhyh d fhuwdlq
ohyho ri glyhuvlfdwlrq/ exw wkh txhvwlrq lv dw zkdw frvwv12 Wkh sxusrvh ri wklv
sdshu lv wr lqyhvwljdwh wkh txhvwlrqv ri +l, zkhwkhu wklv nlqg ri odzv dfwxdoo|
ohdgv wr d edodqfh ehwzhhq ehlqj rq wkh hflhqw iurqwlhu ri wkh xquhvwulfwhg P0Y
sureohp dqg uhgxflqj wkh pd{lpxp ulvn/ dqg +ll, zkhwkhu wkh hqirufhg frqvwudlqw
lv wrr uhvwulfwlyh iru ydulrxv w|shv ri lqyhvwruv1 Lq rughu wr vkhg oljkw rq wkhvh
txhvwlrqv/ zh sursrvh vhyhudo phdvxuhv iru wkh wudgh0r ehwzhhq uhgxflqj wkh
pd{lpxp yduldqfh dqg suhvhuylqj wkh hflhqw iurqwlhu ri wkh xquhvwulfwhg P0
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Y sureohp zkhq vxfk odzv duh lpsrvhg1 Rxu hpslulfdo uhvxowv edvhg rq rxu
sursrvhg phdvxuhv vxjjhvw wkdw wkh ohyho ri glyhuvlfdwlrq hqirufhg e| lqyhvwphqw
odzv frxog eh wrr uhvwulfwlyh iru ulvn wrohudqw dv zhoo dv iru ulvn dyhuvh lqyhvwruv1
Wkh sdshu lv rujdql}hg dv iroorzv1 Lq Vhfwlrq 5/ zh eulh| lqwurgxfh wkh jhq0
hudo Sdudphwulf Txdgudwlf Surjudpplqj +STS, sureohp dqg/ iru dq h{srvlwlrq
sxusrvh/ zh dovr suhvhqw vrph vlpsoh fdvhv iru wkh vhqvlwlylw| dqdo|vlv ri P0Y
sruwirolr kroglqjv wr fkdqjhv lq wkh xsshu erxqgv1 Lq Vhfwlrq 6/ zh sursrvh ydul0
rxv prghov iru phdvxulqj wkh wudgh0r1 Vhfwlrq 7 suhvhqwv hpslulfdo uhvxowv xvlqj
Dxvwuldq vwrfn pdunhw gdwd1 Vhfwlrq 8 frqfoxghv dqg vxppdul}hv wkh sdshu1
    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Wkh P0Y sruwirolr vhohfwlrq sureohp ri Pdunrzlw} +4<85, dqg Vkdush +4<:3, fdq
eh irupxodwhg dv wkh STS sureohp ghvfulehg lq Ehvw +4<<9,1 Wkh prgho zklfk
zh vwxg| lv vlplodu wr wkdw ghyhorshg lq Ehvw dqg Judxhu +4<<4d,/ zkr dovr xvh
wkh STS> khqfh/ h{srvlwru| frpphqwv zloo eh eulhi1 Jhqhudo STS sureohp lv dv
iroorzv
pd{
%

+f. ws,A{
4
5
{
A	{ m D{  g. wt
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zkhuh f/ { dqg s duh q0yhfwruv> 	 lv dq qq v|pphwulf srvlwlyh vhpl0ghqlwh pd0
wul{> D lv dq pq frqvwudlqw pdwul{> g> t duh p0yhfwruv/ w lv wkh STS sdudphwhu/
dqg W ghqrwhv wudqvsrvh1e
Iru h{srvlwlrq dqg prwlydwlrq sxusrvhv/ zh looxvwudwh vrph vlpsoh vfhqdu0
lrv zkhq dq xsshu erxqg lv lpsrvhg rq wkh Pdunrzlw}*v ruljlqdo P0Y sruwirolr
vhohfwlrq sureohp1 Wkh STS lq htxdwlrq +4, fdq eh uhzulwwhq dv wkh iroorzlqj
rswlpl}dwlrq sureohp
pd{
%
i
4
5
{
A	{ m hA{ @ 4> A{ @ R> 3  {  ehj> +5,
zkhuh f @ s @ 3?> D
A @ +h>h> >> L>L, > g
A
@

4>4> R>R> eh
A
> 3A2?

> t
A @

3?ne> h
A

> dqg w @ e zlwk  ehlqj dq q0yhfwru ri h{shfwhg uhwxuqv/ 	 ehlqj dq
qq fryduldqfh pdwul{/ 3
A
?
ehlqj dq q0yhfwru ri }hurv/ h ehlqj d q0yhfwru ri rqhv/
dqg R ydulhv iurp , wr  zklfk duh ghqhg dv iroorzv=
, @ plq
%
i
A
{ m h
A
{ @ 4> 3  {  ehj>
 @ pd{
%
i
A
{ m h
A
{ @ 4> 3  {  ehj>
zlwk e ehlqj vxfk wkdw 4@q  e  41 Qrwh wkdw htxdwlrq 5 kdv d ihdvleoh vroxwlrq
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rqo| li qe  4=D
Dv e lv ghfuhdvhg iurp 4 wr 4@q/ wkh vhw ri ihdvleoh P0Y frpelqdwlrqv +R> 
2
R
,
wkdw kdv wkh vdph irup lq wkh P0Y vsdfh dv wkdw ri wkh vwdqgdug sruwirolr vhohf0
wlrq sureohp +l1h1/ zlwkrxw xsshu erxqgv/ vhh Pdunrzlw}+4<;9, iru ghwdlov, zloo
hyhqwxdoo| vkulqn1 Iljxuh 514 vkrzv wkh P0Y iurqwlhuv zkhq qr xsshu erxqg dqg
dq xsshu erxqg duh lpsrvhg1
Iljxuh 514= Phdq0Yduldqfh Iurqwlhuv
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Iljxuh 514/ zklfk lv duwlfldoo| jhqhudwhg/ ohdgv rqh wr lpphgldwho| revhuyh
wkh iroorzlqj zhoo0nqrzq uhvxowv1 Iluvw/ wkh h{shfwhg uhwxuq/ jlyhq yduldqfh ri
uhwxuq/ lv orzhu wkdq ru htxdo wr wkdw ri wkh xquhvwulfwhg sureohp1 Vhfrqg/ wkh
pd{lpxp yduldqfh lv ohvv wkdq ru htxdo wr wkh pd{lpxp yduldqfh ri wkh vwdqgdug
sureohp1 Wklug/ wudfnlqj ixqgv pd| vhh wkhlu wudfnlqj huuru yduldqfh lqfuhdvhv
+h1j1/ frqvlghu wkh pryhphqw iurp d wr d zkhuh d ? d,1 Odvwo|/ vrph lqhflhqw
sduwv ri wkh iurqwlhu pd| qr orqjhu eh ihdvleoh1
Iljxuh 515 suhvhqwv d fdvh zkhuh wkh sruwlrq ri wkh xquhvwulfwhg P0Y iurqwlhu
frlqflghv zlwk wkdw ri wkh uhvwulfwhg iurqwlhu/ zkhuhdv Iljxuh 516 vkrzv wkh fdvh
zkhuh wkhuh lv qr %frpprq vhjphqw%1 Djdlq/ zh rxwolqh vrph ri wkh zhoo0nqrzq
uhvxowv1 Iluvw/ wdnlqj wkh Vkdush udwlr dv wkh shuirupdqfh phdvxuh/ lqgh{ ixqgv
zloo qrw eh dhfwhg li wkh wdqjhqf| sruwirolr lv wkh vdph iru erwk uhvwulfwhg dqg
xquhvwulfwhg sureohpv1 Vhfrqg/ lqgh{ ixqgv zloo kdyh d zruvh Vkdush udwlr li wkh
wdqjhqf| sruwirolr lv dhfwhg1
Wkh txdolwdwlyh uhvxowv iurp wkhvh vlpsoh vlwxdwlrqv ri wkh uhvwulfwhg P0Y
sureohpv prwlydwh dqg ohdg xv wr txdqwli| wkh dfwxdo wudgh r ehwzhhq ehlqj rq
wkh hflhqw iurqwlhu ri wkh xquhvwulfwhg P0Y sureohp dqg uhgxflqj wkh pd{lpxp
ulvn1
9
Iljxuh 515= Phdq0Yduldqfh Iurqwlhuv zlwk Frpprq Vhjphqwv
  	    
Wklv vhfwlrqv dgguhvvhv d txhvwlrq ri zkdw lv wkh prvw %frqyhqlhqw% e/ l1h1/ wkh
xsshu erxqg sdudphwhu wkdw zloo dfklhyh wkh edodqfh ehwzhhq ehlqj rq wkh hi0
flhqw iurqwlhu ri wkh vwdqgdug sureohp dqg uhgxflqj wkh pd{lpxp ulvn1S Wr
dqvzhu wklv txhvwlrq/ zh irupxodwh wkh prgho wkdw phdvxuhv wkh wudgh r xqghu
wkh ydulrxv fkrlfhv iru wkh sdudphwhu e1
S i` @tt4i |@| |i i @U| _t|hM|L? Lu @tti|t< hi|h?t t !?L?
:
Iljxuh 516= Phdq0Yduldqfh Iurqwlhuv zlwkrxw Frpprq Vhjphqwv
Lq rxu irupxodwlrq ri wkh wudgh r phdvxuh/ zh uh0lqwurgxfh wkh ruljlqdo uh0
vwulfwhg dqg xquhvwulfwhg P0Y sureohpv1 Wkh uhvwulfwhg sureohp +5, lv
pd{
%
i
4
5
{
A	{ m hA{ @ 4> A{ @ R> 3  {  ehj
dqg wkh xquhvwulfwhg sureohp lv
pd{
%
i
4
5
{
A	{ m hA{ @ 4> A{ @ R> {  3j= +6,
;
Idfhg zlwk wkhvh wzr P0Y rswlpl}dwlrq sureohpv/ zh sursrvh d phdvxuh wkdw/
dffruglqj wr wkh fkrvhq sdudphwhuv/ uhgxfhv wkh pd{lpxp sruwirolr yduldqfh exw
dw wkh vdph wlph wulhv wr suhvhuyh wkh sruwirolrv wr olh rq wkh hflhqw iurqwlhu ri
wkh vwdqgdug sureohp1 Ehiruh mxvwli|lqj dqg h{sodlqlqj rxu phdvxuh/ wkh nh| lghd
fdq eh vwdwhg lq wkh iroorzlqj sureohp
plq
K

K +e, @
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m
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 e ? 4

> +7,
zkhuh Y4? +e, > J +e, > S4@ +e, > Y +e, dqg S +e, duh ghqhg iru 4@q  e ? 4 dv
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
,>
dqg f htxdov }hur ru rqh iru l @ 4> = = = > 8 zlwk fe dqg fD qrw ehlqj htxdo }hur dw
wkh vdph wlph= Wkh txdqwlwlhv {o> {

 > {
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2> {

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o
> {
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e> {
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e > {
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D> dqg {

D duh dv iroorzv
<
+wkh vxshuvfulswv u dqg x ghqrwh %uhvwulfwhg% dqg %xquhvwulfwhg% uhvshfwlyho|,=
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Iljxuh 614 vkrzv wkh ixqfwlrqv Y4? +e, > J +e, > S4@ +e, > Y +e, dqg S +e, lq wkh
Phdq0Vwdqgdug Ghyldwlrq +P0VG, vsdfh dqg wkhlu uhodwlrqvklsv wr wkh uhvwulfwhg
dqg xquhvwulfwhg sureohpv1.
Li rqh dvnv iru frpshoolqj wkhruhwlfdo mxvwlfdwlrqv iru rxu sursrvhg phdvxuh/
wkhuh lv qrqh1 Zh dffhsw wkh idfw wkdw rxu phdvxuh lv dg krf1 Ixuwkhupruh/ zh gr
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Iljxuh 614= Vxppdu| ri Ydulrxv Ixqfwlrqv rq Phdq0V1G1 Vsdfh
qrw fodlp wkdw rxu phwulf lv wkh prvw dssursuldwh rqh1 Exw lw vhhpv qdwxudo iurp
d srolf|0pdnlqj shuvshfwlyh wr phdvxuh wkh glvwdqfh ehwzhhq wkh wzr iurqwlhuv dw
ydulrxv srlqwv dv zhoo dv wr phdvxuh wkh uhgxfwlrq lq wkh yduldqfh ri wkh pd{lpxp
yduldqfh sruwirolr1
Wkh ghwdlov ri wkh phdvxuh lq htxdwlrq +7, duh edvhg rq wkh iroorzlqj fulwh0
uld1 Iluvw/ zh zlvk wr lqfuhdvh wkh glhuhqfh ehwzhhq wkh pd{lpxp vwdqgdug
ghyldwlrqv ri wkh xquhvwulfwhg dqg uhvwulfwhg sureohpv> l1h1/ Y +e, >H dqg wkh glhu0
HL|i |@| |i ThLM*i4t _i??} %e @?_ %
o
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hqfh ehwzhhq plqlpxp h{shfwhg uhwxuqv ri wkh uhvwulfwhg dqg xquhvwulfwhg P0VG
sruwirolr sureohpv> l1h1 S +e,1 Lq grlqj vr/ zh ghfuhdvh wkh pd{lpxp ulvn dqg
vkulqn wkh lqhflhqw sduw ri wkh P0VG iurqwlhu1 Vhfrqg/ zh zlvk wr plqlpl}h wkh
glhuhqfh ehwzhhq +l, wkh plqlpxp vwdqgdug ghyldwlrqv ri wkh sruwirolrv ri wkh
uhvwulfwhg dqg xquhvwulfwhg sureohpv/ Y4? +e, > +ll, wkh pd{lpxp vwdqgdug ghyld0
wlrq ri wkh hflhqw sruwirolr ri wkh uhvwulfwhg sureohp dqg wkh vwdqgdug ghyldwlrq
ri wkh hflhqw sruwirolr ri wkh xquhvwulfwhg sureohp zlwk wkh vdph h{shfwhg uh0
wxuq dv wkh iruphu sruwirolr/ J +e,/ dqg +lll, wkh pd{lpxp h{shfwhg uhwxuqv ri
wkh xquhvwulfwhg dqg uhvwulfwhg P0Y sruwirolr vhohfwlrq sureohpv/ S4@ +e,1 E|
plqlpl}lqj doo Y4? +e, > J +e, dqg S4@ +e, > zh uhgxfh wkh %duhd% ehwzhhq wkh
hflhqw iurqwlhuv ri wkh uhvwulfwhg dqg xquhvwulfwhg sruwirolr vhohfwlrq sureohpv/
dqg khqfh zh plqlpl}h wkh qhjdwlyh hhfw ri wkh xsshu erxqgv1
D ixuwkhu orrn dw wkh phdvxuh lq htxdwlrq +7, uhyhdov wkdw zh zlvk wr pdnh
wkh whup lq wkh qrplqdwru ri K +e,/ l1h1/ fY4? +e, . f2J +e, . fS4@ +e, > vpdoo
exw dw wkh vdph wlph wr pdnh wkh ghqrplqdwru ri K +e,/ l1h1/ feY +e, . fDS +e, >
odujh1 Rqh zd| ri uhvroylqj wkhvh wzr frqlfwlqj jrdov lv wr plqlpl}h wkh remhfwlyh
ixqfwlrq K +e,1 Pruhryhu/ qrwh wkdw e| lqfuhdvlqj wkh xsshu erxqg e +l1h1/ wkh
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frqvwudlqw ehfrphv ohvv elqglqj,/ wkh ghqrplqdwru/ feY +e,.fDS +e, zloo ghfuhdvh1
Wkdw lv/ dv feY +e, . fDS +e, lv d ghfuhdvlqj ixqfwlrq lq e / dvvxplqj wkdw wkh vhw
ie m fY4? +e, . f2J +e, . fS4@ +e, @ 3> 4@q  e  4j
lv qrq0hpsw| vhw/ rxu lqwhqwlrq lv wr qg d plqlpxp xsshu erxqg e iru zklfk
wkh ixqfwlrq fY4? +e, . f2J +e, . fS4@ +e, htxdov }hur1 Lq wkh surfhvv ri vxfk
plqlpl}dwlrq/ wkh pd{lpl}dwlrq ri wkh ixqfwlrq feY +e, . fDS +e, iru doo ydoxhv e
vxfk wkdw wkh ixqfwlrq K +e, uhdfkhv }hur/ lv dfklhyhg1 Wklv lv jlyhq e|=
plq ie m fY4? +e, . f2J +e, . fS4@ +e, @ 3> 4@q  e  4j > +8,
zkhuh dovr wkh plqlpl}dwlrq remhfwlyh riK +e, lv fdswxuhg1 Wkh htxdolw| fY4? +e,.
f2J +e, . fS4@ +e, @ 3 lqvxuhv wkdw vrph sduw ri wkh hflhqw iurqwlhu ri wkh xq0
uhvwulfwhg sureohp lv qrw ylrodwhg> l1h1/ vrph lqyhvwruv zloo qrw eh zruvh r zkhq
wkh xsshu erxqg lv lpsrvhg1b Ixuwkhu/ wkh idfw wkdw zh duh plqlpl}lqj wkh xsshu
erxqg e vxemhfw wr wkh frqvwudlqwv ghvfulehg lq +8, hqvxuhv wkdw wkh ghqrplqdwru
lq wkh remhfwlyh ixqfwlrq ri sureohp +7, feY +e, . fDS +e, lv pd{lpl}hg1
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Dv wkhuh lv dq h{solflw lqyhvwphqw odz rq wkh xsshu erxqgv ri sruwirolr kroglqjv lq
Dxvwuld/ zh xvh wkh jurxs ri 63 prvw oltxlg Dxvwuldq vwrfnv wr dqdo|}h wkh prghov
lq htxdwlrqv +7, dqg +8,1f Zh xvh wkh gdlo| uhwxuqv ri 63 frqwlqxrxvo| wudghg
vwrfnv/ zklfk duh olvwhg rq wkh Dxvwuldq Vwrfn H{fkdqjh dqg udqnhg dffruglqj wr
wkh wxuqryhu1 Zh irfxv rq wzr wlph shulrgv erwk frqwdlqlqj 5;8 gdwd srlqwv= wkh
uvw shulrg frqwdlqv wkh gdwd iurp Dsulo 43/ 4<<8 wr Mxqh :/ 4<<9 dqg wkh vhfrqg
shulrg frqwdlqv wkh gdwd iurp Mxqh 43/ 4<<9 wr Dxjxvw 4/ 4<<:1 Wkh vwrfnv duh
lghqwlfdo iru erwk shulrgv1
Lq rughu wr rewdlq urexvw uhvxowv/ zh dqdo|}h ydulrxv frpelqdwlrqv ri wkh
prghov lq +7, dqg +8, dffruglqj wr wkh ghjuhh ri lqyhvwru*v ulvn dyhuvlrq/ zklfk
lv ghwhuplqhg e| wkh frhflhqwv f> f2> dqg f1 Zh fodvvli| wkh prghov lqwr wkuhh
fodvvhv1 Wkh uvw fodvv uhsuhvhqwv wkh prvw ulvn dyhuvh lqyhvwruv> l1h1 f @ 4 dqg
f2 @ f @ 3= Wkh vhfrqg fodvv uhsuhvhqwv wkh lqyhvwruv zkr duh ohvv ulvn dyhuvh>
l1h1/ f @ 3 ru 4> f2 @ 4> dqg f @ 31 Wkh ulvn wrohudqw lqyhvwruv duh fodvvlhg lq
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Wdeoh 714= Wkh Vxppdu| ri wkh Prghov* Uhvxowv
K eJR| iru 4vw shulrg eJR| iru 5qg shulrg
K @
T6?
T
318 317
K2 @
T6?
Tn
318 317
K @
T6?nC
T
31; 318
Ke @
T6?nC
Tn
31; 318
KD @
C
T
31; 318
KS @
C
Tn
31; 318
K. @
6@%
T
31< 31<
KH @
6@%
Tn
31< 31<
Kb @
T6?n6@%
T
31< 31<
wkh odvw jurxs zlwk f @ 3 ru 4> f2 @ 3 ru 4> dqg f @ 41 Wdeoh 714 vkrzv wkh
uhvxowv ri wkh qxphulfdo plqlpl}dwlrq surfhgxuhv ri prghov iru erwk shulrgv1
Wkh uvw vhw ri plqlpl}dwlrqv lqyroyhv wkh %prvw ulvn dyhuvh% lqyhvwruv1 Wkh
phdvxuhv K +e, dqg K2 +e, ghdo zlwk wkh ixqfwlrq Y4? +e,/ zklfk lv wkh glhuhqfh
ehwzhhq wkh plqlpxp vwdqgdug ghyldwlrq ri wkh uhvwulfwhg dqg xquhvwulfwhg sure0
ohpv1 Wkxv/ zh fodvvli| wkh phdvxuhv K +e, dqg K2 +e, wr uhsuhvhqw wkh fodvv ri
lqyhvwruv zkrvh remhfwlyh lv vroho| wr rewdlq wkh orzhvw srvvleoh ulvn rq wkh hflhqw
iurqwlhu1 Wkh phdvxuh K +e, lv qrupdol}hg e| Y +e, +wkh glhuhqfh ehwzhhq wkh
pd{lpxp vwdqgdug ghyldwlrqv ri wkh xquhvwulfwhg dqg uhvwulfwhg sureohpv, dqg
K2 +e, lv qrupdol}hg e| wkh ixqfwlrq Y +e,.S +e,1
2 Iru erwk K +e, dqg K2 +e, >
wkhlu plqlpxpv duh uhdfkhg iru e @ 3=8 lq wkh uvw dqg e @ 3=7 lq wkh vhfrqg
2** |i u?U|L?t Mc  ' c    c b @hi ?Lh4@*3i_ M) i|ih T Lh T n  
shulrg/ uhvshfwlyho|1 Wkh qh{w vhw ri plqlpl}dwlrqv ghdov zlwk phdvxuhv zklfk
frxog uhsuhvhqw wkh %dyhudjh ulvn dyhuvh% lqyhvwruv1 Doo phdvxuhv lq wkh vhfrqg
fodvv/ K +e,/ l @ 6> = = = > 9> lqfrusrudwh wkh ixqfwlrq J +e, dqg gr qrw lqfrusrudwh
wkh ixqfwlrq S4@ +e,1 Wkxv/ doo K +e,/ l @ 6> = = = > 9 suhvhqw vrph ghjuhh ri ulvn
wrohudqfh wkurxjk wkh ixqfwlrq J +e,1 Wkurxjkrxw wkh vhfrqg vhw ri plqlpl}dwlrq
surfhgxuhv/ wkh plqlpxpv duh uhdfkhg iru e @ 3=; lq wkh uvw dqg e @ 3=8 lq wkh
vhfrqg shulrg/ uhvshfwlyho|1 Wkh odvw vhw ri plqlpl}dwlrqv lqyroyhv wkh ixqfwlrq/
S4@ +e,/ zklfk lv wkh glhuhqfh ehwzhhq wkh pd{lpxp h{shfwhg uhwxuqv ri h0
flhqw sruwirolrv ri wkh xquhvwulfwhg dqg uhvwulfwhg sureohpv1 Wkxv/ wkh ixqfwlrq
S4@ +e, > lqwhqgv wr fdswxuh hflhqw sruwirolr ri erwk sureohpv wkdw uhhfwv wkh
prvw ulvn wrohudqw lqyhvwruv1 Frqvhtxhqwo|/ wkh odvw fodvv ri prghov uhsuhvhqwhg
e| remhfwlyh ixqfwlrqv K +e, iru l @ :> ;> <> uhsuhvhqw zlwk wkh prvw ulvn wrohu0
dqw lqyhvwruv1 Wkh plqlpl}dwlrq uhvxowv iru K +e,/ l @ :> ;> < lqglfdwh wkdw wkh
plqlpxpv duh uhdfkhg iru e @ 3=< erwk lq wkh uvw dqg vhfrqg shulrgv1
Vhyhudo srlqwv iurp wkh plqlpl}dwlrqv duh zruwk phqwlrqlqj1 Iluvw/ iru doo
fodvvhv ri lqyhvwruv/ rxu sursrvhg phdvxuhv duh qrw lq olqh zlwk wkh Dxvwuldq whq
shufhqw xsshu erxqg uxoh +e @ 3=4,1 Hyhq iru wkh phdvxuhv wkdw uhhfw wkh prvw
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ulvn dyhuvh lqyhvwruv/ wkh plqlpxp xsshu erxqg lv dw iruw| shufhqw +e @ 3=7, +iru
wkh vhfrqg shulrg,1 Vhfrqg/ dv h{shfwhg/ wkh xsshu erxqgv lqfuhdvh zlwk wkh
lqyhvwruv* ulvn wrohudqfh= qlqhw| shufhqw +e @ 3=<, iru wkh ulvn wrohudqw lqyhvwruv
dqg iruw| shufhqw +e @ 3=7, iru wkh prghov fdswxulqj ulvn dyhuvh lqyhvwruv1 Odvwo|/
wkh ixqfwlrq S +e,/ zklfk lv wkh glhuhqfh ehwzhhq wkh plqlpxp h{shfwhg uhwxuqv
ri wkh uhvwulfwhg dqg xquhvwulfwhg P0Y sruwirolr sureohpv/ grhv qrw vhhp wr kdyh
dq| hhfw rq wkh uhvxowv ri plqlpl}dwlrq surfhgxuhv1 Wkh plqlpl}dwlrq uhvxowv duh
urexvw zlwk uhvshfw wr wkh qrupdol}dwlrq wkurxjk Y +e,.S +e, ru Y +e, dorqh1 Lq
rwkhu zrugv/ wkh plqlpl}dwlrqv vhhp qrw wr eh dhfwhg e| wkh sruwirolr kroglqjv
wkdw olh rq wkh lqhflhqw sduw ri wkh P0VG iurqwlhu1
Zh xvh ixqfwlrq KS +e, wr rewdlq d ehwwhu lqvljkw lqwr dw wkh qxphulfdo plq0
lpl}dwlrq ri +7, dqg +8,1e Wkh uvw froxpq ri Wdeohv 715 dqg 716 suhvhqwv
wkh prqrwrqlfdoo| lqfuhdvlqj ydoxhv ri xsshu erxqg/ e1 Wkh ydoxhv ri ixqfwlrqv
J +e, > S +e, > Y +e, dqgKS +e, duh fdofxodwhg iru wkh fruuhvsrqglqj ydoxhv ri wkh xs0
shu erxqg e= Wkh odvw froxpq lq erwk wdeohv suhvhqwv d udqjh ri h{shfwhg uhwxuqv
zkhuh hflhqw iurqwlhuv ri erwk uhvwulfwhg dqg xquhvwulfwhg sureohpv frlqflgh1
Dv lqglfdwhg suhylrxvo| lq Wdeoh 714/ erwk Wdeohv 715 dqg 716 vkrz wkdw wkh
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Wdeoh 715= Iluvw Shulrg Uhvxowv iru K9
e J S Y KS@J2+Y.S, H{shfwhg Uhwxuqv
31366 3158; 3156; 518:4 313<5 >
314 315<; 3144; 513:: 313;: >
315 31467 313:: 41;75 313:3 >
316 31476 31396 418:9 313;: ^031386/031336` ^ ^315:4/31654`
317 31485 31386 41675 3143< ^031397/31368` ^ ^31543/316;8`
318 314;8 31375 413:4 31498 ^0313:7/31783`
319 3138: 31367 31<55 3138< ^0313;6/3184:`
31: 31335 31358 31:5; 31336 ^0313<4/318;6`
31; 31 3134: 31839 31 ^031433/31947`
31< 31 3133; 31594 31 ^031466/41<34`
Wdeoh 716= Vhfrqg Shulrg Uhvxowv iru K9
e J S Y KS@J2+Y.S, H{shfwhg Uhwxuqv
31366 31535 31576 513:: 313;: >
314 31448 3146: 419:; 31396 >
315 31439 313<6 41766 3139< ^314<7/3154<`
316 314:7 31398 41546 31469 ^03135;/03133;` ^ ^ 3144:/315:5`
317 313;< 31384 41345 313;7 ^031385/315<;`
318 31 31375 31::7 31 ^0313:4/31668`
319 31 31366 319:9 31 ^0313<8/31669`
31: 31 31358 31877 31 ^031446/3166:`
31; 31 31349 316;7 31 ^031465/3166;`
31< 31 3133; 31534 31 ^031473/3166<`
4;
plqlpxp ydoxh ri wkh remhfwlyh ixqfwlrq KS lv uhdfkhg iru e 5 i3=;> 3=<j lq wkh
uvw shulrg dqg e 5 i3=8> 3=9> 3=:> 3=;> 3=<j lq wkh vhfrqg shulrg/ uhvshfwlyho|1 Wkh
fruuhvsrqglqj h{shfwhg uhwxuqv ri e idoo lq wkh udqjh ri h{shfwhg uhwxuqv zkhuh
hflhqw iurqwlhu ri uhvwulfwhg dqg xquhvwulfwhg sureohpv frlqflgh1 Iru frpsdulvrq
sxusrvh/ iru e @ 3=4 +wkh xsshu erxqg vwdwhg e| wkh Dxvwuldq Odz, wkh remhfwlyh
ixqfwlrq KS rewdlqv wkh ydoxh ri 3=3;: iru wkh uvw shulrg dqg 31396 iru wkh vhfrqg
shulrg> dqg lq erwk shulrgv wkhuh lv qr lqwhuydo ri h{shfwhg uhwxuqv zkhuh hflhqw
iurqwlhuv ri erwk uhvwulfwhg dqg xquhvwulfwhg sureohpv frlqflgh1 Wkh h{lvwhqfh ri
d %frpprq% vhjphqw lv dq lpsruwdqw lqirupdwlrq wkdw lqglfdwhv wkh ghjuhh ri
uhvwulfwlyhqhvv ri xsshu erxqgv1D
Iljxuhv 714/ 715/ 716 dqg 717/S zklfk sorw wkh P0VG iurqwlhuv ri erwk uh0
vwulfwhg dqg xquhvwulfwhg sureohpv zlwk e @ 3=4 iru erwk shulrgv vkrz wkdw wkhuh
lv qr frpprq vhjphqw/ dqg wkxv wkh whq shufhqw frqvwudlqw vhhpv wr eh d txlwh
uhvwulfwlyh frqvwudlqw 0 ohvv uhvwulfwlyh iru wkh vhfrqg shulrg wkdq iru wkh uvw rqh1
Pxwxdo ixqgv zklfk duh dfwlyh gxulqj wkhvh wzr shulrgv dqg wudfn d fhuwdlq ydoxh
ri ulvn ru h{shfwhg uhwxuq ru pd{lpl}h wkhlu shuirupdqfh phdvxuhg e| wkh Vkdush
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Iljxuh 714= P0Y Iurqwlhuv iru wkh Iluvw Shulrg/ e@314
udwlr zrxog eh zruvh r zkhq wkh whq shufhqw uhvwulfwlrq lv lpsrvhg1 Qrwh wkdw
iru wkh fdvh ri wkh vhfrqg shulrg +vhh Iljxuhv 716 dqg 717, wkh ulvn dyhuvh lqyhvwruv
zkr whqg wr plqlpl}h wkh yduldqfh ri uhwxuqv ri wkhlu sruwirolrv duh pruh qhjd0
wlyho| dhfwhg +ru dhfwhg lq pruh qhjdwlyh whupv, e| wkh whq shufhqw frqvwudlqw
wkhq wkh ohvv ulvn dyhuvh lqyhvwruv1 Iru vwdqgdug ghyldwlrq lq wkh udqjh ri ^318/319`
dqg wkh h{shfwhg uhwxuqv lq wkh lqwhuydo ^3147/314;`/ wkh hflhqw iurqwlhuv qhduo|
frlqflgh lq wkh vhfrqg shulrg1 Frqvhtxhqwo|/ wkh whq shufhqw frqvwudlqw lv ohvv
uhvwulfwlyh iru lqyhvwruv zkr wudfn wkh vwdqgdug ghyldwlrq dqg wkh h{shfwhg uhwxuq
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Iljxuh 715= P0Y Iurqwlhuv iru wkh Iluvw Shulrg/ e@314 +Vfdohg Yhuvlrq,
lq wkh udqjhv vshflhg deryh1
$ 
	
Zh xvh wkh iudphzrun ri wkh STS wr h{dplqh wkh hpslulfdo dvshfwv ri wkh P0Y
sureohpv dqg vhqvlwlylw| dqdo|vlv1 Xvlqj Dxvwuldq vwrfn pdunhw gdwd/ zh lqyhv0
wljdwh wkh txhvwlrqv ri +l, zkhwkhu xsshu erxqgv rq sruwirolr kroglqjv ohdg wr d
%edodqfh% ehwzhhq ehlqj rq wkh hflhqw iurqwlhu ri wkh xquhvwulfwhg P0Y sure0
ohp dqg uhgxflqj wkh pd{lpxp ulvn/ dqg +ll, zkhwkhu wkh hqirufhg frqvwudlqw lv
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Iljxuh 716= P0Y Iurqwlhuv iru wkh Vhfrqg Shulrg/ e@314
uhvwulfwlyh iru lqyhvwruv1 Wr vkhg oljkw rq wkhvh txhvwlrqv/ zh sursrvh vhyhudo phd0
vxuhv iru wkh wudgh0r ehwzhhq ehlqj rq wkh hflhqw iurqwlhu ri wkh xquhvwulfwhg
P0Y sureohp dqg uhgxflqj wkh pd{lpxp yduldqfh xqghu wkh lpsrvhg frqvwudlqw1
Rxu hpslulfdo uhvxowv vxjjhvw wkdw wkh ohyho ri glyhuvlfdwlrq hqirufhg e| lq0
yhvwphqw odzv fdq eh txlwh uhvwulfwlyh iru erwk ulvn dyhuvh dqg ulvn wrohudqw lq0
yhvwruv1 Rxu sursrvhg phdvxuhv/ jlyhq vdpsoh glvwulexwlrq/ dssolhg rq wkh gdwd
vhw lqglfdwh wkdw dw ohdvw iruw| shufhqw uxoh lv qhhghg wr dfklhyh wkh edodqfh eh0
wzhhq ehlqj rq wkh hflhqw iurqwlhu ri wkh xquhvwulfwhg P0Y sureohp dqg uhgxflqj
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Iljxuh 717= P0Y Iurqwlhu iru wkh Vhfrqg Shulrg/ e@314 +Vfdohg Yhuvlrq,
wkh pd{lpxp yduldqfh1 Wklv hpslulfdo qglqj lqglfdwh wkdw wkh fxuuhqw Hxur0
shdq +whq shufhqw, dqg wkh X1V1 +yh shufhqw, uhvwulfwlrqv rq sruwirolr kroglqjv
pljkw eh wrr uhvwulfwlyh iru wkh wudgh r wkdw zh glvfxvvhg lq wklv sdshu1
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#

^4` Ehvw/ P1M1 %Dq Dojrulwkp iru wkh Vroxwlrq ri wkh Sdudphwulf Txdgudwlf Sur0
judpplqj Sureohp/% Ihvw0vfkuliw iru Nodxv Ulwwhu/ K1 Ilvfkhu/ E1 Ulhgpxhoohu
dqg V1 Vfkdhhu/ Dssolhg Pdwkhpdwlfv dqg Sdudooho Frpsxwlqj/ Khlghoexuj=
Sk|vlfd0Yhuodj/ 8:0:9/ +4<<9,1
^5` Ehvw/ P1M1 dqg U1U1 Judxhu1 %Fdslwdo Dvvhw Sulflqj Frpsdwleoh zlwk Re0
vhuyhg Pdunhw Ydoxh Zhljkwv/% Mrxuqdo ri Ilqdqfh/ 73/ +4<;8,/ ;804361
^6` Ehvw/ P1M1 dqg U1U1 Judxhu1 %Rq wkh Vhqvlwlylw| ri Phdq0Yduldqfh Hflhqw
Sruwirolrv wr Fkdqjhv lq Dvvhw Phdqv= Vrph Dqdo|wlfdo dqg Frpsxwdwlrqdo
Uhvxowv/% Wkh Uhylhz ri Ilqdqfldo Vwxglhv/ 7/ +4<<4d,/ 64806751
^7` Ehvw/ P1M1 dqg U1U1 Judxhu1 %Vhqvlwlylw| Dqdo|vlv iru Phdq0Yduldqfh Sruw0
irolr Sureohpv/% Pdqdjhphqw Vflhqfh/ 6:/ +4<<4e,/ <;30<;<1
^8` Eulwwhq0Mrqh/ P1 %Wkh Vdpsolqj Huuru lq Hvwlpdwhv ri Phdq0Yduldqfh H0
flhqw Sruwirolr Zhljkwv/% Mrxuqdo ri Ilqdqfh/ 87/ +4<<<,/ 98809:41
^9` Hlfkkruq/ G1/ Jxswd/ I/ dqg H1 Vwxeev1 %Xvlqj Frqvwudlqwv wr Lpsuryh wkh
Urexvwqhvv ri Dvvhw Doorfdwlrq/% Wkh Mrxuqdo ri Sruwirolr Pdqdjhphqw/ 57/
+4<<;,/ 7407;1
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^:` Juhhq/ U1 %Srvlwlyho| Zhljkwhg Sruwirolrv rq wkh Plqlpxp0Yduldqfh Iurq0
wlhu/% Mrxuqdo ri Ilqdqfh/ 74+8,/ +4<;9,/ 438409;1
^;` Juhhq/ U1 dqg E1 Kroolhog1 %Zkhq Zloo Phdq0Yduldqfh Hflhqw Sruwirolrv
Eh Zhoo GlyhuvlhgB/% Mrxuqdo ri Ilqdqfh/ 7:/ +4<<5,/ 4:;804;3<1
^<` Lqyhvwphqwirqgvjhvhw}1 %Exqghvjhvhw} xhehu Ndslwdodqodjhirqgv +Lqyhvw0
phqwirqgvjhvhw},/ EJE4 4<<62865 lgI/ 4 EJE4 4<<62;4;/ 5 EJE4
4<<92:86%/ Plqlvwu| ri Ilqdqfh/ Dxvwuld/ +4<<9,1
^43` Pdunrzlw}/ K1P1 %Sruwirolr Vhohfwlrq/% Mrxuqdo ri Ilqdqfh/ 45/ +4<85,/ ::0
<41
^44` Vkdush/ Z1I1 Sruwirolr Wkhru| dqg Fdslwdo Pdunhwv/ PfJudz0Kloo/ Qhz
\run/ +4<:3,1
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